Recent experimental progress in monitoring the dynamics of ultracold gases in optical lattices necessitates a quantitative theoretical description for a signi cant number of bosons. In the present paper, we investigate if time-dependent semiclassical initial value methodology, with propagators expressed as integrals over phase space and using classical trajectories, is suitable to describe interacting bosons, concentrating on a single mode. Despite the non-linear contribution from the self-interaction, the corresponding classical dynamics allows for a largely analytical treatment of the semiclassical propagator. We nd that application of the Herman-Kluk (HK) propagator conserves unitarity in the semiclassical limit, but a decay of the norm is seen for low particle numbers n. The frozen Gaussian approximation (HK with unit prefactor) is explicitly shown to violate unitarity in the present system for non-vanishing interaction strength, even in the semiclassical limit. Furthermore, we show by evaluating the phase space integral in steepest descent approximation, that the HK propagator reproduces the exact spectrum correctly in the semiclassical limit (n → ∞). An error is, however, incurred in next-to-next-to-leading order (small parameter 1/n), as seen upon numerical evaluation of the integral and con rmed analytically by considering nite n corrections to the steepest descent calculations. The frozen Gaussian approximation, in contrast, is only accurate to lowest order, and an erroneous nextto-leading order term in the energy spectrum was found analytically. Finally, as an example application, we study the dynamics of wave packets by computing the time evolution of the Wigner function. While the often-used truncated Wigner approximation cannot capture any interferences present in the exact quantum mechanical solution (known analytically), we nd that the HK approach, despite also using classical information only, reproduces the salient features of the exact solution correctly.
Introduction
Recent experimental progress has rekindled interest, from the point of view of quantum optics, in several models that originally arose in descriptions of solid state physics. The Bose-Hubbard model is one of the most prominent representatives in this category, having seen a surge in activity due to its realizability using ultracold Bose gases in optical lattices, and the implementation of numerous To this end, we brie y review the zero-dimensional Bose-Hubbard model and its exact quantum mechanical solution, following which we nally evaluate the HK propagator for the 0D BoseHubbard model and derive exact analytical expressions for it in terms of an integral representation. In Sections 4 and 5, we further expound on this result by evaluating the integral analytically in the steepest descent approximation and numerically for more general parameter values. Last but not least, in Section 6, we consider an example application, viz. the dynamics of wave packets. To this end, we compute the time evolution of the Wigner function using the HK propagator and compare with the exact solution (available analytically) as well as the often-used truncated Wigner approximation (TWA). Our exposition concludes with Section 7, in which we summarize our results and discuss approaches for further work.
Semiclassical method
The task of the semiclassical propagator is to nd an approximation to the time evolution operator U (t, t 0 ) given a Hamilton operatorĤ. We assume thatĤ has no explicit time dependence, as a result of which it follows that 2)Û (t, t 0 ) = e −i(t−t 0 )Ĥ ≡Û (t − t 0 ). In the following, we set t 0 = 0, so that we are only interested in the quantityÛ (t) = e −itĤ . We shall further be using the 'complex z notation' of Shalashilin and Child (cf. e.g. Ref.
[20]); not only because it is more compact than the 'real qp notation' preferred in theoretical chemistry [12] , but also because it will turn out to be more natural for describing the classical dynamics underlying second quantized Hamilton operators.
Preliminaries and notation
Here, we introduce the necessary quantities that enter the evaluation of the HK-SCIVR, and simultaneously take the opportunity to x some notation. We assume that there are m degrees of freedom, with corresponding annihilation operatorsâ ≡ (â 1 ,â 2 , . . . ,â m ) and a normal-ordered secondquantized Hamilton operatorĤ(â,â † ). The coherent state |z is given by 3) |z ≡ e 
where the integration measure
is the area element of the complex plane. The coherent states obey the eigenvalue relationâ |z = z |z . Both of these identities can be shown by expanding |z in terms of occupation number eigenstates. The classical Hamiltonian is found as a coherent state matrix element of the form H(z, z * ) = z|Ĥ(â,â † )|z , which simply amounts, in view of the eigenvalue relation, to the substituionâ → z and likewise for the Hermitian conjugate. In complex notation, the canonical equations of motion read
2) Throughout this article, unless mentioned otherwise, we use natural units such that = 1.
3) In particular, this coincides with the de nition from quantum optics (cf. any standard reference on quantum optics, e.g. [21, 22] ). There is a di erence in phase between this convention, also called the Klauder convention, and the common de nition of Gaussian |q, p states encountered in theoretical chemistry [20] .
The action is de ned as
with the Lagrangian in turn de ned as
This di ers from the usual Legendre transform de nition commonly found in analytical mechanics by a total derivative which compensates for the di erence in phase convention in the de nition of the coherent states |z on one hand and the Gaussian states |q, p on the other [20] . Finally, the monodromy matrix
is a measure of the stability of a trajectory under perturbation of the initial value.
The Herman-Kluk semiclassical initial value representation
If the actions appearing in the problem are large (in conventional units compared to , in natural units compared to unity), then the Feynman path integral for the propagator can be evaluated in a stationary phase approximation. This is the starting point of most semiclassical derivations. The HK propagator has been considered by several researchers and derived in di erent ways. The original work was carried out by the eponymous Herman and Kluk [5] , building upon and modifying the heuristic 'Frozen Gaussian Wavepacket Dynamics' of Heller [23] . A seminal contribution to the eld is the work of Kay [24] , who derived a uniform asymptotic series expansion for the propagator, of which the HK-SCIVR turns out to be the leading order contribution. In 'complex z notation', the Herman-Kluk propagator readŝ
where we have largely followed Child and Shalashilin [25] in 'translating' results from 'real qp notation' to 'complex z notation'. The integral is to be taken over the whole phase space C m of initial conditions z 0 . The trajectory z(t) = z t (z 0 , z * 0 ) now refers to the solution of Hamilton's equations of motion (2) with z(0) = z 0 as initial condition-the notation makes explicit the dependence on the initial value, and that it may not be a holomorphic function of the initial conditions. The quantity S t (z 0 , z * 0 ) is the action evaluated along the classical trajectory, i.e.
is the prefactor. This in turn comprises two separate factors of the form
The rst factor is a phase correction and is given by
It may be interpreted as a local shift of the zero-point energy [20] ; technically, it arises from the commutator terms required to transform between the symmetrically ordered Hamiltonian and the normal-ordered one [25] . The second factor contains information about the stability of the trajectory z t (z 0 , z * 0 ) in the following manner:
Here, M zz is the upper left block of the monodromy matrix (5) evaluated along the classical trajectory z t (z 0 , z * 0 ). The square root is to be taken such that the phase is a continuous function of time [26] .
The zero-dimensional Bose-Hubbard model
Having the necessary tools at hand, we now turn our attention to the problem at hand: the 0D Bose-Hubbard model.
Preliminaries and notation
First, we recapitulate the 0D Bose-Hubbard model, and take this opportunity to x some notation as well. One way to arrive at the 0D Bose-Hubbard model is to take the Hamiltonian of the Bose-Hubbard chain [27] and restrict it to a single site, to wit:
The rst term is just a harmonic oscillator with zero ground-state energy, and is solved exactly by the HK-SCIVR. The frequency of the harmonic oscillator is ω e . The second term is more interesting, because it is higher order, i.e. anharmonic, so that the HK-SCIVR is not expected to be exact a priori. The parameter U physically represents an on-site interaction energy. The occupation number operatorn =â †â commutes withĤ, owing to the global U (1) symmetry. The exact quantum mechanical solution is now elementary. The Hamiltonian can in fact be rewritten using the canonical bosonic commutation relations in terms ofn to obtain
This allows to read o the eigenenergies as
By expanding in terms of occupation number eigenstates
one nds the exact quantum mechanical solution for the time evolution operator as 4)
4) The spectrum of the 0D Bose-Hubbard model has no essential degeneracy. This does not, of course, preclude the occurence of accidental degeneracy, e.g.: For ωe = 1 and U = −1, E0 = E2 = 0. This is, however, of no consequence to the expansion of the propagator in the {|n } basis.
Semiclassical limit
As a nal preliminary before studying Herman-Kluk theory for the 0D Bose-Hubbard model, we consider the limit in which such a treatment is expected to be appropriate. We follow the argumentation of [18] , adapting it to the present scenario by directly working with annihilation and creation operatorsâ,â † instead of eld operators. Starting from the basic Hamiltonian (10), we introduce rescaled operatorsÂ,Â † with an average n = â †â such that
to obtain
Semiclassics concerns the limit in which the action is large compared to unity ( in conventional units). From (15), we see that this requires n to be large. For the limit to be meaningful, however, the expression in the brackets should take on an n-independent value. Thus, U n needs to be held xed. In summary, therefore, we nd that the semiclassical limit for the Bose-Hubbard model amounts to
In practice, the kind of situation one has in mind entails a cold bosonic gas which is dilute, and hence weakly interacting (i.e. small U ), but comprises a large number of atoms, so that U n is a nite value comparable with ω e .
Herman-Kluk theory for 0D Bose-Hubbard model
Having all the preliminaries in place, we now proceed to the application of Herman-Kluk theory to the 0D Bose-Hubbard model.
Classical quantities
The rst step is to calculate the classical ingredients that 'feed' the HK propagator in (6). The Hamilton function, which generates the underlying classical dynamics, is found using the usual substitutionâ → z to yield
The equations of motion for the classical trajectory is hence, according to (2):
At rst glance, this is a system of two coupled non-linear ordinary di erential equations for the real and imaginary part of z respectively, due to the explicit dependence of the right-hand side on both z and z * . However, we can exploit the underlying symmetry of the Hamiltonian, namely the U (1) symmetry,-which, in the quantum mechanical version, led to conservation ofn-to observe that |z| 2 is a constant of motion, 5) i.e. |z| 2 = |z 0 | 2 . Thus, (18) e ectively describes a harmonic oscillator, 5) A more pedestrian way of seeing this would be to explicitly calculate ∂t|z| 2 = ∂t(z * z) using product rule and to subsequently simplify using (18) and its complex conjugate.
but with amplitude-dependent frequency; the latter being the manifestation of the anharmonicity in the classical picture. The solution is hence
In order to evaluate the action S t (z 0 , z * 0 ) along a classical trajectory z t (z 0 , z * 0 ), one can insert the equation of motion (18) into the de nition of the Lagrangian (4) to obtain, for the speci c problem at hand,
i.e. the Lagrangian along a classical trajectory is simply the anharmonic part of the Hamiltonian along that trajectory. Nevertheless, it turns out that the Lagrangian is conserved along a classical trajectory:
is also conserved. Thus, the action is easy to evaluate, and we nd
The nal ingredient that enters the HK propagator is the prefactor. The stability factor is a straightforward computation of a derivative ∂ z 0 z t to yield
Note that the square root of the imaginary exponential is not the principal square root, but rather chosen such that the phase is continuous in time. Lastly, for the phase correction factor, we need the mixed second order partial derivative ∂ z * ∂ z H = ω e + 2U |z| 2 , whence, due to conservation of |z| 2 , we obtain
For the prefactor, we have
Evaluating the HK propagator With the classical ingredients at hand, all that remains is to put everything together according to the prescription (6). The natural expression for the HK-SCIVRfor the purpose of general formalism-is as an integral over dyadic products of coherent states of the form |z t (z 0 , z * 0 ) z 0 |. However, for a subsequent comparison with the exact solution (13), which is given in spectral representation, the occupation number basis {|n } is more suitable. In order to respect this, we directly consider occupation number matrix elements of the form U HK nn (t) ≡ n|Û HK (t)|n . Inserting the identity
for the necessary overlaps of occupation number eigenstates with coherent states, we obtain 6)
6) Note that |z| 2 is conserved along a classical trajectory, so that the Gaussian weight arising from the normalization of the coherent states depends only on |z0| 2 .
Introducing new integration variables z 0 = √ s e iϕ , this becomes
The angular integration yields a Kronecker delta, thereby automatically ensuring that the HK-SCIVR respects the diagonal structure of the (exact quantum mechanical) propagator in the occupation number basis. We thus nd
where we have introduced, for convenience of notation and future reference, the function g n (·) by its integral representation
Note that for U = 0, we have
The equidistant energy spectrum in the exponent is of course the expected exact result for vanishing anharmonicity, which may serve as a rst consistency check. The nontrivial features manifest themselves at nonzero interaction strength, to which we turn our attention in the following.
Analytical results
Having established the HK propagator for the 0D Bose-Hubbard model in the previous section, the purpose of the remainder of this investigation is to study it and see what understanding may be gleaned from it. The primary question on which we shall concentrate is how well it agrees with the exact quantum mechanical solution, which we already have as a convenient closed-form expression.
Since we have an explicit integral representation, it is reasonable to rst attempt an approximative evaluation of the integral by analytical means, especially under su ciently nontrivial limiting conditions. To this end, we consider now the limit n → ∞ withτ ≡ nτ = O(1) xed and make the variable substitution s = nx in the integral (29). This is chosen so as to mimic the semiclassical limit in the sense of eq. (16). The rst condition is the limit of 'large quantum numbers' familiar from, e.g., Bohr-Sommerfeld quantization and similar semiclassical schemes. To see that the rescaling e ected through the change of integration variables is indeed appropriate-especially in view of (14)-, note that the correspondence rule isâ → z, and that s = |z| 2 . We now have
where
This lends itself to a steepest descent argument [28] . In the limit n → ∞, the critical points ofS alone, which are given by x 0 = 1 and
have to be considered. Since f (x 1 ) = 0, the second stationary point has no contribution, and we can proceed as though there were only one stationary point. We rst evaluate, using elementary calculus and some algebra, the quantities required for the method of steepest descent:
The steepest descent approximation then yields
Inserting the ingredients calculated beforehand and recalling thatτ ≡ nτ , the resulting asymptotic behaviour is
iτ n(n−1)
where the second asymptotic relation is valid due to Stirling's formula. Putting τ = Ut according to (28) and comparing with the spectral representation (13), one nds the main result of this section:
In the limit n → ∞, U n = const., the spectrum of the HK propagator is
which is in full agreement with the exact result (12). In the following, we discuss the signi cance of two particular terms that are in some sense a 'special feature' of the HK propagator, viz. the phase correction θ t and the stability factor R t , by examining what would happen if one were to neglect either of these contributions. The role played by the phase correction in ensuring the correct energy spectrum for the harmonic oscillator has already been remarked upon-a global factor comes about and accounts for the ground-state energy. Here, however, θ t contributes a 'local' factor as a function of the initial value z 0 of the underlying classical trajectory, and is therefore, in some sense, more involved. Indeed, only after evaluating the resultant phase space integral in steepest descent approximation-i.e., physically, making the transition to the semiclassical limit-does its role become clear. Note that carrying out essentially the same steps as above, but with θ t = 0, yields a similar result, but with
The universal feature, it would appear, is that the leading order (LO) behaviour of the energy, viz. ω e n (1 + O(1/n)) and 1 2 U n 2 (1 + O(1/n)) for the harmonic and quartic parts of the Hamiltonian , L. S , F. G and W. T. S respectively, is captured correctly. The phase correction factor is important to ensure that the next-to-leading order (NLO) term-which happens to be the ground-state energy in the harmonic case and linear in n for the quartic part-is also reproduced exactly. As a nal analytical demonstration, we investigate what would happen if one were to work with the so-called Frozen Gaussian Approximation (FGA). In generic problems, the trajectories are not available analytically, so that one is forced to integrate equations of motion for the monodromy matrix, in addition to the trajectory (cf. e.g. [12], or [25] for the complex version). An often used method, especially in theoretical chemistry, is to simply neglect the time evolution of M, i.e. to put M(t) = M(0) = 11 (cf. e.g. [29] ). This amounts to setting R HK t = 1 in the above. Redoing all the steps in an analogous manner, one nds in the semiclassical limit
For both the harmonic and anharmonic parts of the Hamiltonian, the FGA yields the correct LO dependency, but results in an erroneous NLO behaviour-just as we observed for the phase correction factor. It is well-known from literature that the ground-state energy is reproduced wrongly by the FGA. This is also apparent from (39). Something similar occurs for the anharmonic part, where the contribution linear in n has the wrong coe cient. The disagreement in the anharmonic case, however, goes further than just the energy spectrum: The exact (and, in the semiclassical limit, the HK as well [30]) propagator is unitary, i.e.Û † (t)Û (t) = 1 1. Expressed in terms of matrix elements, it follows that
For the FGA, however, we have directly from (39)
The faster loss of unitarity in the FGA has been attested to in the literature by means of numerical investigations [29] . The above considerations furnish an explicit demonstration of this e ect. Furthermore, we see that the time-scale for the loss of unitarity (e.g. the 'half-life' of diagonal matrix elements ofÛ †Û in occupation number basis) is ∝ 1/U , i.e. the higher the anharmonicity of the system, the more rapidly unitarity is lost.
Numerical results
The only nontrivial part of the expression (28) for the HK propagator is the function g n (τ ). In order to analyse this quantity for generic parameter values, especially beyond the semiclassical limit, we employ numerical integration. The highly oscillatory nature of the integrand, which a orded scope for the application of steepest descent asymptotics in Section 4, is now the primary di culty one faces when attempting a straightforward numerical evaluation of the integral. In order to generate the numerical results we shall discuss in the following, a global adaptive Gauß-Konrod quadrature was employed, using the built-in implementation NIntegrate of the Mathematica language. 7) We 7) The higher the value of n, the quicker the integrand oscillates. The sign problem ensuing thence was solved in a brute-force manner, by increasing the working precision so that it exceeds the desired precision by a su cient margin. Thus, for n ∼ 30, the intermediate calculations had to be carried out to ∼ 100 decimal places in order to obtain a nal accuracy of 5 decimal places. consider a modi ed polar representation of the function g n (τ ), i.e.
where ϕ n is chosen to be continuous 8) in τ . The decomposition into the above form is opportune because the absolute value and the phase correspond to two physically relevant properties: conservation of unitarity and the energy spectrum.
Conservation of unitarity
The quantity |g n | is closely related to the conservation of unitarity, which is one of the basic properties of the (exact) time evolution operator. To see this more explicitly, observe that
Alternatively, one may interpret |g n (U t)| 2 as the norm of the wave functionÛ HK (t)|n . In Section 4, we established that |g n | 1 for large quantum numbers, thus ensuring conservation of unitarity in the semiclassical limit. Fig. 1 depicts numerical results for 0 n 5. Especially for n = 0, which is evidently outside the scope of the semiclassical regime, the norm is seen to decay over time and go to zero. For higher values of n, the norm still decays for a short time but then stabilizes to a positive value between zero and unity. The time scale on which the decay and stabilization of the norm takes place becomes smaller for increasing n, and the stable value approached by the norm increases with n and approaches unity. This interpretation is reinforced by Fig. 2 , which shows the behaviour of |g n | 2 for higher values of n, where the role of semiclassics is more pronounced.
Apart from a very short (negligible) interval where the decay and stabilization takes place, one may e ectively think of it as a step function, to wit: with r n → 1 for n → ∞. This furnishes a numerical veri cation that one does, indeed, obtain |g n | 1 for large quantum numbers, thus conserving unitarity in the semiclassical limit.
Energy spectrum
The phase ϕ n (τ ) is closely related to the spectrum: If ϕ n is linear in τ , then
with E anh n = E n − ω e n the anharmonic part of the energy. We write
where we have anticipated that result based on the HK propagator should deviate from the exact solution by some small amount δϕ n (τ ). This is plotted in Fig. 3 . For small quantum numbers, as was the case with unitarity, there is a signi cant deviation from the exact solution-which would be a constant line at δϕ n = 0. This deviation does not, however, vanish for higher values of n. Instead, the limiting behaviour for large quantum numbers was found (by linear tting) to be
This observation motivated us to revisit the steepest descent calculations of Section 4. The function f (x) contributes a phase term which is NLO in 1/n and linear in x. Including this term in the determination of the stationarity condition, the rst (dominant) critical point in the limitτ 1 becomes x 0 = 1 − 1/2n. Performing the same steps as in Section 4 with this modi ed critical point, we obtain
that is, there is a next-to-next-to-leading order (NNLO) contribution to the spectrum, exactly identical to the one that we found numerically. Thus, the HK propagator is not entirely exact when predicting the energy levels of the quartic part of the Bose-Hubbard Hamiltonian. Although in the semiclassical limit (n → ∞), it reproduces all energies accurately, it incurs an error in the NNLO term if the x integration is performed either numerically or with nite n corrections to the steepest descent approximation. F 3: Plot of δϕn(τ ). The limiting behaviour for large quantum numbers is well approximated by the linear t δϕn(τ ) 0.125τ , which is depicted (black dashed line) with a small random o set for reasons of visibility.
Wave packet dynamics
The quality of the Herman-Kluk IVR is further elucidated by investigating the dynamics of an initial wave packet with non-linear Hamiltonian (10). The corresponding quantum state is visualized using the Wigner function [22] , in complex quantum optical notation
where α = (q+ip)/ √ 2 is the phase space variable. Here, the complex Fourier transform is performed over phase space
, and the characteristic function is determined from the underlying quantum stateˆ as the expectation value of the displacement operator:
Throughout this section we choose a coherent initial state |ψ(0) = |z i , whose Wigner function is a simple Gaussian (see Fig. 4a ) centered at α ≈ z i = 2:
Due to the underlying non-linear dynamics, the Wigner function will not remain of Gaussian shape. Still, in our case there is an analytical exact expression based on an expansion of the wave packet in terms of number states [31], leading to
In this expression the eigenenergies are E n = ω e n + 1 2 U n(n − 1) from eq. (12) and the L k n (x) are associated Laguerre polynomials [32] . In Fig. 4b ), we show this exact Wigner function for a time evolution of duration ω e t = 5 · 2π and U = 0.05.
The Wigner function can easily be obtained from the Herman-Kluk initial value representation (6) of the propagator. All ingredients are known analytically from eqs. (19), (21) and (22). The integrals over z 0 in (6) and over η in (48) are performed numerically here. Most remarkably, despite the rather lowly excited initial coherent state with z i = 2 and the nonlinearity of the dynamics, the time evolved HK Wigner function displays an overall very good agreement with the exact result, as can be seen in Fig. 4c) . Note that the depicted results are obtained without recourse to any further (ad-hoc) renormalization, relying instead on the approximate conservation of unitarity implemented a priori in the formulation of the HK propagator (6).
The dynamics of ultracold interacting Bose gases is often described with the help of the so-called truncated Wigner approximation (TWA), where the exact dynamics is replaced by the classical dynamics of the eld (the Gross-Pitaevskii equation). Indeed, expressing the exact von Neumann equation for the density operatorˆ and Hamiltonian (10) arrives at a partial di erential equation
Taking into account rst order derivatives only (TWA), we arrive at a classical Liouville equation for a phase space density W (α, α * , t) with Hamilton's equation of motion
Since the solutions α(t) for the classical trajectories are known from eq. (19), the Wigner function in TWA is easily expressed in terms of the initial Wigner function as
shown in Fig. 4d ) for our initial coherent state. Since the latter is positive, so is its time evolved truncated Wigner approximation (52). Indeed, as can be seen in Fig. 4 , while the region of large W (α, α * ) is captured well by the TWA, any interferences (and thus negative values of W ) present in the exact Wigner function cannot be reproduced by W TWA . Evidently, the Wigner function obtained from the semiclassical HK propagator-despite also containing classical ingredients only-provides a much better approximation. We mention in passing that the di erence in quality between HK and TWA is much less pronounced for shorter times, i.e. as long as the wave packet is still more or less localized in phase space.
Conclusions and Outlook
In this paper, we investigated a single-mode interacting Bose system using the Herman-Kluk semiclassical initial value representation (HK-SCIVR). First, the underlying classical dynamics was solved analytically by exploiting the symmetries of the problem. Subsequently, the classical ingredients were put together and an explicit expression was found for the HK propagator in terms of an integral representation. The semiclassical limit was obtained by evaluating the aforementioned integral in steepest descent approximation following opportune variable transformations. In addition, the often-used Frozen Gaussian Approximation-which is essentially the HK propagator, but where the time evolution of the monodromy matrix is neglected-was treated in similar fashion for comparison. Finally, the integral was evaluated numerically in order to supplement the analytical considerations. Last but not least, having studied the properties of the propagator per se, we turned our attention to an example application, viz. wave packet dynamics. To this end, we computed the time evolution of the Wigner function using the HK-SCIVR and compared the results with the exact solution (available analytically) as well as the popular truncated Wigner approximation (TWA). The results may be summarized as follows: (i) Unitarity is conserved in the semiclassical limit by the HK propagator. For smaller quantum numbers, however, unitarity is seen to decay over time. The FGA, on the other hand, was found to explicitly violate unitarity, even in the semiclassical limit. (ii) The HK propagator reproduces the energy spectrum to next-to-leading order (with small parameter 1/n) in the limit of large quantum numbers, and an error occurs only in next order. In contrast, the FGA is only accurate to LO, and it was shown explicitly that an error is incurred in NLO. Philosophically, this is the classical trade-o between e ciency and accuracy: On one hand, a speed-up may be achieved by circumventing the computation of the time evolution of the monodromy matrix. On the other hand, one has to contend with an inferior approximation of the energy levels and loss of unitarity-the latter more likely the graver issue in practice. (iii) As to the description of wave packet dynamics, the classical TWA fails to capture any interference e ects (and thus negative values of the Wigner quasiprobability distribution) present in the exact solution. By contrast, although still relying on classical information only, the HK-SCIVR is able to reproduce the salient features of the exact solution correctly.
These investigations pave the way for a semiclassical treatment of a truly multiple-site BoseHubbard chain. Certain issues regarding our 0D BH model may be deemed worthy of a closer look. One may wish, for instance, to comprehend and demonstrate explicitly the initial decay and subsequent stabilization of the norm, which we observed only numerically. This issue appears to hinge on the evaluation of the steepest descent approximation to higher orders, which is a nontrivial mathematical task. It may also be worthwhile to investigate the possibility of obtaining the correct higher-order behaviour using semiclassical means, e.g. by employing higher-order corrections to the propagator, such as the semiclassical asymptotic expansion of Kay [24] or Zhang and Pollak [33] . In such cases, it may also be instructive to include more involved terms in the Hamiltonian, for instance a general power term of the formn(n − 1)(n − 2) · · · (n − ν), whose energy spectrum will then have non-vanishing coe cients up to the N ν LO term.
Furthermore, a natural question to ask is if also fermionic Hubbard models could be treated in a similar vein. In this regard it is interesting to note that a semiclassical propagator in fermionic Fock space has recently been established [34] . Although this work is based on a van Vleck-Gutzwiller type of propagator, applications of time-dependent semiclassical many-body methodology using an SCIVR approach in the same vein as Herman and Kluk may be envisioned.
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